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Abstract
We demonstrate fast rates of magnetic reconnec-
tion near a magnetic null point in a fluid model of
collisionless pair plasma without the use of resis-
tivity. In particular, we demonstrate a reconnection
rate roughly half the rate demonstrated in particle
simulations in an anisotropic adiabatic two-fluid
model of collisionless pair plasma with relaxation
toward isotropy, for a broad range of isotropiza-
tion rates. For very rapid isotropization we see fast
reconnection, but instabilities eventually arise that
cause numerical error and cast doubt on the sim-
ulated behavior. We give evidence that numerical
methods that use isotropic pressure require either
physical or numerical anomalous resistivity to sus-
tain fast rates of reconnection.

GEM challenge problem
The GEM problema initiates reconnection by
pinching adjacent oppositely directed field lines
from their equilibrium state. The original study
identified the Hall effect as critical for fast recon-
nection, prompting study of reconnection in pair
plasma (for which the Hall term vanishes).
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Figure 1. The reconnected magnetic flux versus time from a variety of simulation models: full 
particle, hybrid, Hall MHD, and MHD (for resistivity r/-0.005). 

phase speed is the factor which limits the electron out- 

flow velocity from the inner dissipation region (where 
the electron frozen-in condition is broken) the electron 

outflow velocity should scale like the whistler speed 
based on the electron skin depth. This corresponds to 

the electron Alfv•n speed vAe = v/B2/4•men. With 
decreasing electron mass the outflow velocity of elec- 
trons should increase. This trend has been clearly iden- 

tified in particle simulations [Hesse et al., 1999; Hesse 
et al., this issue; Pritchett, this issue]. A series of sim- 
ulations in the hybrid model confirmed the scaling of 
the outflow velocity with vAe and that the width of the 

region of high outflow velocity scales with c/v:pe [Shay 
et al., this issue]. The flux of electrons from the inner 
dissipation region is therefore independent of the elec- 
tron mass, consistent with the general whistler scaling 

argument. 

As noted previously, excess dissipation in the Hall 
MHD models reduces the reconnection rate below the 

large values seen in particle models. On the other hand, 

large values of the resistivity are required in the simu- 
lations to prevent the collapse of the current layers to 

the grid scale. The reason is linked to the dispersion 
properties of whistler, which controls the dynamics at 

small scale. Including resistivity r/= m•i/ne 2, 

Even as k --> cx•, the dissipation term remains small 

compared with the real frequency as long as 
There is no scale at which dissipation dominates prop- 

agation. The consequence is that current layers be- 
come singular unless the resistivity becomes excessive, 
even when electron inertia is retained. The resolution 

of the problem is straightforward. Dissipation in the 

magnetic field equation proportional to V p with p _) 4 
can be adjusted to cut in sharply around the grid scale 

and not strongly diffuse the longer scale lengths which 
drive reconnection. Such dissipation models are there- 

fore preferable to resistivity in modeling magnetic re- 

connection with hybrid and Hall MHD codes. 

The key conclusion of this project is that the Hall 
effect is the critical factor which must be included to 

model collisionless magnetic reconnection. When the 

Hall physics is included the reconnection rate is fast, 
corresponding to a reconnection electric field in excess 

of 0.2Bov•/c. For typical parameters of the plasma 
sheet (n .• 0.3cm -3 and B -• 20 nT), this rate yields 
electric fields of order 4 mV/m. Several caveats must, 
however, be made before drawing the conclusion that 
a Hall MHD or Hall MHD code would be adequate to 

model the full dynamics of the magnetosphere. The 
conclusions of this study pertain explicitly to the 2-D 

system. There is mounting evidence that the narrow 
layers which develop during reconnection in the 2-D 
model are strongly unstable to a variety of modes in 

the full 3-D system. Whether the Hall MHD model 

provides an adequate description of these instabilities 
and whether these instabilities play a prominent and 

critical role in triggering reconnection and the onset of 
substorms continues to be debated. 
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In 2005 Bessho and Bhat-
tacharjee simulated fast
reconnection in a pair
plasma version of the
GEM problem using a
kinetic model.b

We used the same parameters as the GEM reconnection
challenge,7 except for the mass and temperature ratios: the
ratio of the Alfvén speed vA0!=B0 / "4!n0!mi+me#$1/2# to the
speed of light c is vA0 /c=1/20, the thickness of the current
sheet " is 0.5di0, the background density nb=0.2n0, and the
mass ratio mi /me=1. The total number of particles for each
species is 3 725 056. We chose a time step as #pe$t=0.02.

We have carried out four sets of simulations: !A# the
temperature ratio Ti /Te=1, and the amplitude of the pertur-
bation a=0.1; !B# Ti /Te=5, a=0.1; !C# Ti /Te=1, a=0; !D#
Ti /Te=1, a=0.01 with Lx%Lz=256%256 grid points. We
will refer to these four sets as simulations A, B, C, and D. In
all these simulations, the dynamics shows a strong time de-
pendence and does not settle down to a steady state. The
reconnection electric field increases in time, attains a maxi-
mum, and then decays.

Figure 1 shows contour plots of the maximum reconnec-
tion electric field Ey, where the contour of the magnetic flux
function & is overlaid for simulations A, C, and D. In simu-
lation A, reconnection is driven by the initial perturbation,
however, the secondary tearing instability generates a small
island close to the primary X line. In simulation C, reconnec-
tion occurs due to the spontaneous development of the tear-
ing instability. We note that the maximum Ey in both simu-
lations are similar in magnitude. In simulation D,
reconnection is driven primarily by the forcing perturbation
and the tearing instability appears to be subdominant. The

reconnection electric field in simulation D appears to be of
the same order as in simulations A and C. We conclude that
the secondary instability in the driven case !simulation A#
does not play a major role in facilitating fast reconnection,
and that reconnection is fast no matter what drives the recon-
nection.

The reconnection electric field as a function of time is
shown in Fig. 2. All four simulations show similar maximum
reconnection rates, around 0.22–0.25B0vA0 /c. The maximum
reconnection rate does not strongly depend on how the re-
connection is excited, either by the initial perturbation or the
tearing instability growing out of noise.

We have investigated the structure of the out-of-plane
magnetic field. Figure 3 shows contour plots of By for simu-
lations B !top# and A !middle#, and the simulation in which

FIG. 1. !Color online# Contours of Ey for simulations A, C, and D.

FIG. 2. !Color online# Reconnection electric fields as a function of time.

FIG. 3. !Color online# Contours of By.
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(Red curve is rate of reconnection
for GEM-like pair plasma

problem.)
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Theory for the GEM problem
At the X-point the momentum equation for one
species says that the out-of-plane component of the
electric field (i.e. the rate of reconnection) is the
sum of a resistive term, a (nongyrotropica) pressure
term, and an inertial term:
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So reconnection must be provided by:
1. the pressure term for steady-state reconnection

without resistivity,
2. the resistive term for steady-state reconnection

in gyrotropic plasma, and
3. the inertial term for a gyrotropic plasma with-

out resistivity (i.e. each species velocity at the
origin should track exactly with reconnected
flux).
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Fluid models of pair plasma
Magnetized pair plasma. Chacon et al.a obtained
an analytical fluid model for fast reconnection in
magnetized pair plasma (no null point). Viscosity
provides the needed pressure anisotropy.

Unmagnetized pair plasma. One can “cook up”
the reconnection desired by defining the resistive
term appropriately. One seeks the simplest for-
mula for this anomalous resistivity that matches the
broadest range of conditions. One-fluid models
(i.e. MHD) make no assumption about mass ra-
tio and can give fast reconnection when equipped
with an anomalous resisivity. Zenitani et al.b have
simulated fast reconnection in the vicinity of a null
point with two-fluid five-moment models of col-
lisionless pair plasma using anomalous resistiv-
ity. We seek a parsimonious fluid model based on
simple physical assumptions rather than problem-
specific simulation results.
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Five- and ten-moment models
Hakim et al. simulated the GEM problem using
two-fluid adiabatic models with five moments for
the electron fluid and fivea or tenb moments for the
ion fluid.

The isotropic five-moment model cannot reconnect
without (numerical, anomalous) resistivity. The
ten-moment model fails to (reliably) reconnect due
to undamped oscillatory exchange between the in-
ertial and pressure terms of Ohm’s law. The five-
moment model is the ten-moment model instanta-
neously relaxed to isotropy. We get an intermedi-
ate model which avoids both problems by slowing
down the rate of isotropization.

aA. Hakim, J. Loverich, and U. Shumlak. A high-resolution
wave propagation scheme for ideal two-fluid plasma equations, J.
Comp. Phys., 219:418–442, 2006.
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Ten-moment two-fluid model
Generic physical equations for the ten-moment
two-fluid model are: (1) conservation of mass and
momentum and pressure tensor evolution for each
species:

∂tρs +∇ · (ρsus) = 0,

∂t(ρsus) +∇ · (ρsus ⊗ us + Ps) =
qs

ms
ρs(E + us ×B) + Rs,

∂tPs + 3∇ · (us ∨ Ps) +∇ · Qs = 2Sym (
qs

ms
Ps ×B) + Rs,

and (2) Maxwell’s equations for evolution of elec-
tromagnetic field:

∂tB +∇×E = 0, ∇ ·B = 0,

∂tE− c2∇×B = −J/ε, ∇ ·E = σ/ε.

We assume that Rs = 0, and to provide for
isotropization we let Rs = 1

τs

(
1
3 (tr Ps)I − Ps

)
,

which respects the entropy s := log(det(P−1)/ρ5).a

In this work we set Qs = 0. For conservation
and shock-capturing purposes we evolve the en-
ergy tensor Es := Ps + ρsusus rather than the pres-
sure tensor. We implemented an explicit third-
order discontinuous Galerkin two-fluid solver.

aC. David Levermore, Kinetic theory, Gaussian moment clo-
sures, and fluid approximations, talk presented at IPAM KT2009
Culminating Retreat, Lake Arrowhead, California, June 2009.

GEM pair plasma simulations
Rescaled problem. To
avoid the formation of
magnetic islands, we mod-
ified (Bessho and Bhat-
tacharjee’s version of) the
GEM problem, shrinking
the domain and the particle
mass to half their original
values.

The hyperbolic ten-
moment model exhibits
undamped oscillatory ex-
change between the pres-
sure and inertial terms and
requires high resolution for
convergence:

Isotropization dampens
the oscillatory exchange
between the pressure and
inertial terms. The pres-
sure term supplies recon-
nection, in agreement with
theory and PIC simula-
tions:

For fast isotropization the
inertial term begins to sup-
ply some initial reconnec-
tion, although the pressure
term is the ultimate sup-
plier:

In the five-moment model
the inertial term initially
tracks with reconnected
flux, but eventually insta-
bility kicks in and numer-
ical anomalous resistivity
instead supplies reconnec-
tion:

Original settings. To com-
pare with Bessho and Bhat-
tacharjee, we also used
their settings. Our peak
rate of reconnection was
about 60% of theirs:

We are currently investi-
gating nonzero heat flux
closures to try to increase
the reconnection rate.
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