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Magnetic field structure

Why study MHD dynamos?

‘ Outline '

Evolution of magnetic field energy.

Why are we interested in magnetic field geometry?

Evolution of magnetic field curvature.

Structure of magnetic fields
Numerical simulations.

Summary

produced by kinematic dynamo.
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‘Why study MHD dynamos‘?'

e One of most important questions in astrophysics: origin of strong and
large-scale magnetic fields observed in galaxies (present and red-shifted)?

e Prevailing theory: fields have been amplified to their present values by
dynamo inductive action in protogalactic and galactic medium.
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e Dynamos inside stars and even planets.
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B

the field
lines are
frozen into
plasma and
they are
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the turbulent
motions !
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Evolution of magnetic field energy'

Assumptions made in turbulent dynamo analytical models:
e The plasma is turbulent.
e Use the kinematic dynamo approximation for weak magnetic fields.
e The turbulence is incompressible, homogeneous, isotropic and stationary.

e Use zero correlation time approximation for the turbulent motions, the
Kazantsev-Kraichnan random flow:

Vo (t,r) = / Vo (t, k) e*T d°k, (Va(t,k)) =0,

(27)°
V(' K)V5(t, k) = Ji(Sap — kaks)d(kK —k)d(t' —t).

Jj, is the normal part of turbulence (neglect helical part), J; oc k~13/3,
e No any assumptions about the statistics of initial magnetic field.

e Magnetic Prandtl numbers Pr = v/n ~ 1014-10%2 in galaxies and
protogalaxies. Therefore, k1 > k, 1 and neglect magnetic resistivity.
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Kulsrud and Anderson (1992) derived formulas for magnetic field energy
growth by turbulent dynamo

de/dt = 24, v ~k,Vi,, &= (B*/8mp.

They derived equation for evolution of magnetic energy spectrum M (¢, k),

1

K (B(t,k)[*) d’k,  k =k/k,
47rp

Mt k) <

which at subviscous scales, k£ > k., becomes a simple differential equation:

2
oM _ v - <k28 _%a_M 6M>.

ot Ok? ok

If M(t,k.er) is known at some reference k = kyef, then the solution is
/
Mt k) = / Mt Foneg) Go(k [Fivag, £ — ') dt’

where the Green’s function G, (k,1t) is

1/2
Q (k t) _ / k3/21 k (3/4)fyt —51n? k/4fyt
oO\™ ™/ 47r 1/2t3/2




Magnetic field structure 7

Results for magnetic energy evolution (Kulsrud and Anderson, 1992):

Magnetic energy grows exponentially fast at a rate comparable to the
turn-over rate of the smallest turbulent eddies at the viscous scale.

Magnetic spectrum exponentially quickly shifts its bulk toward very
small subviscous scales k > k, at a rate comparable to the energy
growth rate.

Characteristic scale of the magnetic field decreases exponentially fast at

a similar rate.

The decrease of the field characteristic scale is checked by the Ohmic
dissipation at resistive scales k, <kt

Such magnetic energy evolution regime persists as long as the kinematic

approximation remains valid.
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‘Why are we interested in magnetic field geometry?'

The kinematic dynamo approximation is valid as long as the field is
weak enough that it does not affect the turbulent motions. However,
after the field becomes stronger, the field will eventually start to affect
the turbulent motions and the kinematic approximation will break down.

Magnetic tension force (B - V)B can not be balanced by the plasma
pressure gradient and will unwind the field, counteracting the dynamo
action. As a result, the magnetic energy spectrum will saturate.

The saturation happens when at the viscous scale
(B-V)B ~ p(V-V)V = kB*> ~ pk,V* = B* ~ (k, /k))pV?

Thus, magnetic energy saturates
— at the turbulence kinetic energy level if k) ~ k,;

— at a much lower level if k| > k,

Note that k =, /kﬁ + ki may be much larger than &, even if ki~ ky.
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Tangled field lines
k~ kl~ k|| >=> k\/

Folded field lines
k ~ kl>>k||~kv
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Evolution of magnetic field curvature'

(Vo (', K )V (t, K)) = Jx(0ap — kaks)d(K' —K)3(t' —1).
Correlation tensors between velocities and their spatial derivatives:

(Va(t',r)Va(t,r)) = (nr/2m)0asd(t’ — 1),

(Vo V) = (Va,rVa,46) = 0,

(Va,8Va,8) = (7/5)(56ay085 — Gapys)0(t' — 1),

(Va,8vVs,rn) = (A/15)(T0as08y7n — 504575717)5(’5, — ).

0aBrs = 00B0~5 + 0a~08s + 00508+,

5@575777 — 50[5575777 + 5a7555ﬂ7 + 5045567777 + 504755’7577 + 504?7567677

where the constants are

i 1
o ”( )/Jk47rk2dk

/ k?Jy, Amck? dk, A= - / k* Ty, Amck? dk.

1
T30
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The ideal MHD equation for the evolution of the magnetic field unit vector

b = B/B in an incompressible plasma is
(9ba/(9t = Va,gbg — Vg,pybab[gby — nga,g.

Assume b is known at zero time, ¢ = 0, and solve this equation by iterating
it twice in time, similar to Kulsrud and Anderson (1992). Considering ¢t > 0

as an expansion parameter, we have
b(t) = "b + 'b(t) + *b(t),

where b = b(0), 'b(t) < t and ?b(t) x t? are the first and the second order

terms. The later two are obtained by iterating equation for b twice in time,
t
ba(t) = /0 {Va,8(t")bs — Va5 (t") 00 by — V5(t") ba,p } dt”,

t
%o (t) = /0 {Va,s(t")ba(t') = Va4 (') [ba(t') s by + % 'bs(t)"D,

+ %6 %0, ()] — Vs (t') ba,p(t') } dt’.
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Ensemble averaged curvature vector IC = < (bV) b>, up to 2nd order terms, is
Ka(t) = (bg(t)ba,s(t)) = (*b5%a,8) + [(s)ba,s + (*ba) 4+ (s ba,p)]
=Ko+t {— (77/5)° Ko — (47/5)(ba p,6) + (17 /47) K55 } -

Introducing averaged vector G = <b div b>, we obtain

oKC T 4~ g
b I LN
ot SK g+47r K,
0g nr

— = — — NG.
5 vIC g+ = g

In a similar way we find the dlfferentlal equations describing the evolution of
the ensemble averaged square of the curvature, K? = <[(bV)b]2> N

0K? 16y 8 12\
— K?+ —-'D AIC2
ot 5 v Ttk + 5’
8D;C 7’}/ 4’}’
— "~ = —— D¢ ——D AD
8Dg 8’7
— 2 — —~Dyx— —D T AD
ot THK 5 g + 47 g

Here, we introduce averaged scalars Dx = div/C and Dg = div G.
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The solutions are

K 1 4
— Ql e—3’yt/5 4+ Q2 6—12")/75/57
g —1 5
K2 | (1 8 ]
DIC _ Q3 0 616'yt/5 + Q4 19 6—3775/5
| Dg | |0 | 19
__8_ _1_
3
+ Q5|28 | e 125 4 7|0 (e'®7/5 — 1),
| 30 |0

where functions Q;(¢,r) are solutions of the same simple diffusion equation

0Q; _nr
ot 47

but with different initial conditions.

AQi(tar)a 1= 1727374757
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Results for evolution of magnetic field curvature:
e Even if no initial curvature, the field quickly becomes very curved.

e The averaged square of the curvature first develops linearly in time,
K? oc Mt, due to the 2nd order spatial derivatives of turbulent velocities.

e After the averaged square of the curvature reaches the smallest turbulent
eddy scale size, it starts to grow exponentially at a rate several times
faster than (but comparable to) the rate of magnetic field energy growth
(both rates are of order of the smallest turbulent eddy turn-over rate).

e The ensemble averaged curvature vector IC decays exponentially at a
similar rate. Thus IC eventually becomes highly isotropic.

Questions still left:

e Does the curvature get very large (much larger than k,) in the whole

volume, or it is intermittent and large in a tiny fraction of the volume?
e Is there any (anti-)correlation between the field strength and curvature?

e What is the structure of the fields? Are fields tangled or folded?
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Tangled field lines
k~ kl~ k|| >=> k\/

Folded field lines
k ~ kl>>k||~kv
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Structure of magnetic ﬁelds'

Schekochihin et al (2001) extended analysis of field curvature under the same

assumptions (kinematic dynamo + Kazantsev-Kraichnan random flow).

Incompressible ideal MHD egs. for field B and tension force F = (B-V)B are

8Ba/8t + VsBa.g = Vo3B3,
8Fa/0t + VgFa,g = Va’ﬁFg + BﬁB’YVOﬂ,ﬁ’Y ~ a,BFB if k” ~k; >k,

Thus (B?) and (F?) grow in the same way and

def
<k||> (F?)/(B*) « (B?)/(B*) < const x exp(—7t) =
= (ki) = (F®)/(B*) decreases exponentially if initially ki > k7.
Precise calculations show that (kﬁ> — k2, the field is folded !!!

On the other hand, (F?/B*) = (K?) + ((F - B)?/B%) > (K?) — 00 =

= (F?/B*) — oo while (F?)/(B%) = (k}) k2 =

The field strength B and field curvature I are anti-correlated !!!
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Formation of the folded structure explained for 2D case:

OV, p q 1 0 s+q | 0 1 s—1]1 0 -1
0z s —p 0 —1 2 1 0 2 1 0

The first term corresponds to stretching, p is random (positive or negative).

AY lines compressed
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lines decompressed

dA = Apdt = ApdX, dX ~N(0,1), B=1/A, =
= d(lInA)=pdX, = Aislog-normally distributed =

= (A%) - 00, A is intermittent, -ellipse eccentricity — oo
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Folded field lines, k, > k; ~ kv
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Results for evolution of magnetic field structure (Schekochihin et al, 2001):

e Magnetic fields produced by kinematic MHD dynamo are folded. The
decrease of the magnetic field scale happens due to field variation across
itself (rapid transverse direction reversals), while the parallel scale of the
field stays approximately constant, k ~ ki > k| ~ k,.

e Although both the magnetic energy and the averaged curvature of the
field grow exponentially, the field strength and the curvature are
anti-correlated. In other words, the curved field is relatively weak, while
the growing field is relatively flat.

e Curvature is highly intermittent. The regions of large curvature occupy
only a small fraction of the system total volume. In most of the volume
curvature is relatively small and is comparable to k, (scale of the
smallest eddies of the turbulence).

e The detailed analysis of the statistics of the curvature shows that it

possesses a stationary limiting probability distribution, which has its

peak at values ~ k, and the power tail oc K~ 13/7.
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‘ Numerical simulations '

Absolute value of field B Absolute value of curvature K.

128° spectral MHD code written by Jason Maron (2001)
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15¢:

3rd.

Summary I

Kinematic dynamo in protogalaxies and galaxies is extremely efficient
mechanism of the magnetic field built up. It is the most promising
explanation for the origin of cosmic magnetic fields.

: The field produced by the kinematic dynamo has folded structure.

Regions of extremely large curvature occupy only a small fraction of the
volume, where the field is relatively weak, and curvature is of order of £,
in most of the volume, where the field is relatively strong.

The kinematic dynamo approximation breaks down when the magnetic
field energy reaches the kinetic energy of the turbulent eddies at the
viscous scale. At this point the magnetic tension forces become
important and unwrap the magnetic field lines, counteracting the

dynamo action.




