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Weakly Compressible MHD Equations

As in a reversed-field pinch, turbulent plasmas in 

the solar wind contain:

• a significant directed magnetic field with

background spatial homogeneities

• plasma   

Effects on turbulence

• Weakly compressible

• Anisotropic, with slow spatial variation 

parallel and rapid variation perpendicular to 

field lines 

   

β ≤ 1

.



Outline

• Four-field equations to describe weakly compressible 

MHD turbulence using the Mach number of the

turbulence as an asymptotic expansion parameter. 

Despite the apparent difference in expansion procedure, 

it turns out that these equations are identical to the 

equations for RFP pressure-driven turbulence

• Relation of these equations to the Nearly 

Incompressible MHD (NI-MHD) equations of G. Zank 

and W. Matthaeus.

Two applications

• Density fluctuations in the solar wind as measured by 

Helios.

• Variance anisotropy, as measured by ACE, and 

calculated using the invariance principle approach 

(Connor and Taylor, 1984; Bhattacharjee and Hameiri, 

1987)   .



Start with compressible MHD (in the plasma frame)

ρ
∂

∂t

+ v ⋅∇
  

  

  

  
v = −∇p +

1

4π
(∇ × B) × B

∂B

∂t

+ ∇ × (B × v) = 0

∂ρ

∂t

+ ∇⋅(ρv) = 0

d

dt

p

ρ
γ

  

  

  
  

  

  = 0

Scaling every dependent variable by its characteristic value, 

these equations can be cast in dimensionless form.

Define:
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Zank-Matthaeus ordering
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where ε ≡ γ M  is a small parameter for low Mach number

Expand
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To leading order

∇p0 =
1

β
(∇ × B0 ) × B0

ZM assume that

p0 = 1,

B0 = ˆ z 

i. e. uniform background magnetic field

which is a special case



Higher order

v ~ O(ε ),

   

∇⊥ ~ O(1/ε) and ∇|| ~ O(1)

To O(ε
2
)

p1 + B0 ⋅B1 = 0

From equation of state, to O(1)

∇⊥ ⋅v1 = 0 --- weakly compressible

∇⊥ ⋅B1 = 0

Therefore,

B1 = ∇⊥ A × b − p1b

v1 = ∇⊥φ × b − v1b

where b ≡ B0 / B0

2

Four field variables:

A : flux function, p1 : parallel magnetic field,

φ  : stream funct ion,v1 : parallel flow



Four-field system for weakly compressible MHD
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Note that the background field satisfies equilibrium condition

∇p0 = (∇ × B0 ) × B0

so that B0  is not uniform in general.



Remarks

Let

B =
ˆ z 

β
+ B

s
(x)

If B
s
(x) → 0 , the four-field system reduces to RMHD

with two field variables A and φ .

The case with β << 1 is effectively the same as

B
s
(x) → 0 , so we also recover RMHD.

If β ~1 and B
s
(x) ≠ 0, compressibility enters at 

leading order, and the equations differ from those of Zank
and Matthaeus who claim that "compressible effects ride 
parasitically on the back of the 2D incompressible flow
field."



Figure 5. Average density fluctuations divided by Mach number M and its 
square as functions of time from simulations of the four-field equations 
[frames (a) and (b)] and the compressible MHD equations [frames (c) and 
(d)].

Figure 6. The normalized pressure fluctuations from Helios 1 (indicated by 
circles) and Helios 2 (indicated by crosses) as a function of the effective Mach 
number, reproduced from [Tu  a n d  Ma rsc h ,1994].

Helios I observations

(Tu and Marsch, 1994):

Pressure or density fluctuations

can be much larger than are

predicted by NI-MHD theory. 



Two dimensional equations

Consider
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Figure 5. Average density fluctuations divided by 
Mach number M and its square as functions of time 
from simulations of the four-field equations [frames 
(a) and (b)] and the compressible MHD equations 
[frames (c) and (d)].

Figure 6. The normalized pressure fluctuations from 
Helios 1 (indicated by circles) and Helios 2 (indicated 
by crosses) as a function of the effective Mach number, 
reproduced from [Tu  a n d  Ma rsc h ,1994].

Fluctuation level as a function of spatial inhomogeneity
parameter δ : comparison with Helios observations
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Model of local pressure-driven turbulence based on the 
weakly compressible MHD equations

• Solar wind turbulence is a bath of spaghetti-like cylindrical 
flux tubes, containing plasma with inhomogeneous 
magnetic and pressure profiles that are unstable with 
respect to pressure-driven instabilities (such as 
interchange/ballooning).

• The weakly compressible MHD equations can then be 
shown to depend on local parameters such as plasma 

, driven by local imhomogeneities.

• The properties of the turbulent fluctuations can be 
determined from the Invariance Principle. 

   

β, κ = (r / p)(dp /dr)



Invariance Principle

“If the equations that describe turbulence in the solar wind 
are invariant under a local scale transformation, then any 
fluctuation spectra calculated from them must exhibit the 
same invariance.”

(Lamb 1932, Landau and Lifshitz 1959, Sedov 1959, 
Connor and Taylor 1977, Bhattacharjee and Hameiri 1988)

See Sedov, Si mil arity and Di mensi onal M et hods i n 

M echanics, 1959
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Pressure-driven Turbulence

where

Two branches:

Electrostatic  = 0

Electromagnetic



Earlier results on RFP pressure-driven turbulence

(Bhattacharjee and Hameiri, 1988)

Invariance Principle yields



Scaling predictions of weakly compressible 
MHD theory

• Electrostatic pressure-driven modes

• Electromagnetic pressure-driven modes
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Theory predicts

   

variance anisotropy ~ 1/β
ν

, 0 < ν < 2

Observations of Smith et al.  

   

~ 1/β
ν

, ν ~ 0.7


