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Equilibrium




Equilibrium
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Ordering of terms

| Gravitational and rotational energies dominate
thermal and magnetic ones.
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| Magnetic energies are weaker than thermal
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® stronger fields would probably be unstable

4+ interchange, Parker, ...




Steady accretion
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Accretion rate of mass. M (r,1)=r f dzj d¢ pvV. —condantinr & ¢.
—00 0

Angular momentum: J(r,t) =M +" (r)# constantinr &t.
I/M

"(1)$ & T, dzd%is the torque exerted across radius r :

# M( +" ) in steady state.
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Enegy: E= I\PI(ZV +CI))+FQ. This is not congant:

o ,r % M (r2€Q, + T, —r Q)a—Q = radiated energy.
or or or

The luminosity of steady accretion follows from M & Q(r)

regardless of the transport mechanism " (r).




Eclipse mapping of disks

Theoretical temperature profile of a steady disk:
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The alpha prescription

T," #P| (Sh&ura& Sunyaev 1973)
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| Expect 0 <# <1 on general grounds.

¥ # <0 would increase orbital energy

¥ # > 1 requires supersonic turbulence or! <1

| Relates accretion rate to disk surface density:
: 1

M =12"#$% with$(r) %(&(r,z)dz, # %g (Tr. dz

I Models time-dependent situations
® e.g. cataclysmic variables[CVs]




Limitations of the alpha model

| It is ad hoc rather than predictive

| # may vary with disk state
® (CV models seem to require # hot > #cold

® # may depend upon frequency: # wave 7 # orbit

| It can be inconsistent

® In radiation-pressure-dominated disks, Tn= # P IS




Shearing Box Approximation

Comoving, quag-Cartedan coordinates
X=r—r,, y=r,-[¢-tQ(,)], z=z
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") 2 . . (X,y,z
asconstants;, expand to leading orderin (.Y, ).
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Local equation of motion (general axisymmetric potential):
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Shearing Box (continued)

Uniform steady state: 0 '2'!"!I " % o - &!
niform steady state: 0 =! 2! " v ! x v = ——6@ X X.
mex ’ #Inrey =

!3/2).

"Keplerian" case ($ ' r VO =1 3ge x
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Periodic conditions iny :
f(x,y+ Ly,z,t)= f(x,y,zt)

Sheanng-pernodic conditionsin z :
fx+L,,y,2,t)= f(z,y + L,.5t,z,t)

Sheaiing BCs ! energy isn't conserved:
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Hydrodynamic (B=0) Transport

| No robust mechanism is known.”

® 3D simulations of shearing boxes are quiescent
! e.g.: Balbus, Hawley, and Stone 1996; Lesur and Longaretti 2005.

® (Quasi-Keplerian Taylor-Couette experiments show negligible
transport up to Reynolds number Re ~ 10°

! Ji, H. et al. 2006, Nature 444, 343.

| It’s not clear why high-Redisk flow is so stable.

® The (plain-vanilla) shearing box is linearly stable, but so are
turbulent pipe flow, plane-Couette flow, etc.

e Structural elaborations yield weak instability and/or transport.

+ e.g.: reflecting boundaries, stratification, long-lived vortices.

L L !
® Positive angular-momentum gradient is important: |- (rz" )2 >0

Ir
+ butso is the sign of 9Q?/or

‘except self-gravity: requires a massive and/or cool disk




Linearized Shearing Box
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Expand equations of motion to first order in linearization operator ! :

V=5Sx§ +!v, S" = shear rate ($ O3t /2 if Keplerian).
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Separation of variables

The base state of the SB is constant in X, y, &,
which suggests three separation constants:

1V(xy.zt) = IV @) exp(ikex +iky " i#t), {kx, ky. #} = constants (2.

However, time translatlon OCCUrSs Vvia Ht# which
0

doesn’t commute with — unless k, =0.
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Consequently, it is only for axisymmetric (k, =0)
modes that all three separation constants exist.
¢ Nonaxisymmetrically, one canhave! & £, but not k,;

or k, & k, butnot ! .




Fourier analysis

fxy.zt) = Qkekyzt) = "™ (xy.zt)exp(!ikx ! iky)
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All nonaxisymmetric linear modes of the shearing box are stable.




Caveats in re non-axi. modes

I The argument doesn’t apply, e.g., to planar
Couette flow = bounded shear flow.
® Supersonic PCF, even if rotating, is linearly unstable (weakly).

4+ Growth rate decreases as the walls recede (except near-wall modes).

4+ No growth unless reflection at the wall is almost perfect.

® Real disks are very supersonic (V- /Vs=r/h~10-10°) and
reflection is usually imperfect, so boundaries are effectively
very far away.

4+ This is why the shearing box is a good local model.

I In some cases (self-gravity, MRI) transient growth
of non-axisymmetric “modes” can be very
(exponentially) large.

® These cases easily become turbulent---at least for a while.




Axisymmetric stability: hydro

I In ideal hydro, pressure & gravity are the only
collective effects. If these are axisymmetric, then
specibc angular momentum; ! rv.| IS conserved.

| This yields stability when each fluid ring has the
minimum energy for its angular momentum...

® which is generally the case in a Keplerian disk.
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Axisymmetric stability: MHD

In MHD, fluid ringscan exchange via BB, (or ByB, ) stress, axisymmetrically.

Consider the total energy of two rings exchanging angular momentum:

E,+E —m"' +j12%+m N +j220/0
e T B o)
"(E, % "(°E, %
Each ring is stable by itself, i.e. ﬁ( n,”® =0, ﬁ( 2”.0 >0, n) {12}.
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Let j, * j1+mfl"]’ o * j2+m;1"J:

, (E1+E2):+j—1,J +j—2,J =(- ,+-4), J.
rl r2

Energy is reduced by transferring angular momentum
from larger to smaller angular velocity---i.e., outward.




Dispersion relation for ky=0
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e Marginal stability depends on the
righthand side, but only if k;Va# 0.
+kV & elnstability persists in the

incompressible limit: Vs$ oo.
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Remarks about linear MR

| The geometry of the mean field isn’t crucial.

® For purely toroidal background field, BY= By\9, there is
transient growth by a factor ~exp(kz/ky) in ideal MHD.

| Itiscrucial that the field be weak, Va< L ,
where Lis the available length along the field.

® This makes it difficult to produce MRI in a low-%plasma.

I In ideal MHD, instability persists for arbitrarily
weak fields, on scales ~ V/!

® Butin non-ideal MHD, require

2
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Nonlinear MRI

MRI saturates in some kind of turbulent cascade,
not by modifying the mean shear

® atleast in shearing boxes and, presumably, real disks

The turbulent viscosity measured in simulations is

typically #~0.001-0.1, roughly as real disks are
inferred to have.

However, the simulation results are more sensitive
to purely numerical parameters (resolution, grid-
scale dissipation) than originally supposed

® and in counter-intuitive ways, e.g. smaller # for finer resolution in

some cases.




Outstanding Issues

| Is there any effective hydrodynamic transport
mechanism (other than self-gravity)?

® (Parts of) protostellar disks may be too neutral for MRI

| 'What are the minimal physical requirements for
sustained MRI turbulence?

¥ mean field, Pm, vertical structure/stratification,...(?)

| Is # a universal value, at least for Keplerian disks
in nearly ideal MHD?
¥ Or does # depend on environment---e.g., a background mean field?

¥ How is the MRI problem related to the dynamo problem?




