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Historical background 
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(1958) 
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The possible significant role of non-periodic BC in the problem of a kink 
instability has been realized more than 35 years ago: 
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A detailed survey by Hood (for Solar environment): 
 
A.W. Hood. Plasma Physics and Controlled Fusion, 34, 411 (1992). 



A recent resurgense of interest in various issues related to the kink 
instability in a long-thin plasma column  
 
Experiment: 

 
P.M. Bellan. Phys. Fluids, 12, 058301, 2005. 
 
I. Furno, T.P. Intrator, E.W. Hemsing, S.C. Hsu, S. Abbate, P. Ricci, G. Lapenta. Phys. Fluids, 12, 
055702, 2005. 
 
W.F. Bergerson, C.B. Forest, G. Fiksel, D.A. Hannum, R. Kendrick, J.S. Sarff,  S. Stambler. Phys. 
Rev. Lett., 96, 015004 (2006). 
 

Analytic theory: 
 
D.D. Ryutov, R.H. Cohen, L.D. Pearlstein. Physics of Plasmas, 11, 4740 (2004). 
 
C.C. Hegna. Phys. Plasmas, 11, 4230 (2004). 
 
D.D. Ryutov, I. Furno, T.P. Intrator, S. Abbate, T. Madziva-Nussinov, Physics of Plasmas, 13, #3 
(2006). 



The idea of the paper by Ryutov, Furno, Intrator, Abbate, and Madziva-
Nussinov was to provide simple tools for sorting out a broad variety of possible 
situations, in particular, related to conditions on the end electrodes, the presence 
of a plasma flow, and the finite plasma resistivity. 
 
The title, ÒPhenomenological theory of the kink instability in a slender plasma 
column,Ó indicates that this not a theory based on a complete formal analysis, 
but rather a model that is designed to grasp the most salient features of the 
system, without getting into too many details 



  
We consider a slender current-carrying plasma column immersed into 
axial magnetic field and confined by two electrodes 
 
 
 
 
 
 

 
 

The column is slender in two senses: 
 

 1) a<<L, b (b is the liner radius) 
 

 2) |∂ξ/∂z|<<1 
 
 

We characterize deformation of the column by 
the rigid lateral displacement of its Òslices,Ó 
  

  ξx =ξx(z,t),   ξy= ξy(z,t) 
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Rationales for this way of description are: 
 
  1) The global motion of the flux ropes often manifests  
  a remarkable cohesion 
 
  2) Viscosity and/or gyro-viscosity may prohibit the deformation  
  of cross-sections of suffi ciently thin flux tubes 
 



Rationales for this way of description are: 
 
  1) The global motion of the flux ropes often manifests  
  a remarkable integrity 
 
  2) Viscosity and/or gyro-viscosity may prohibit the deformation  
  of cross-sections of suffi ciently thin flux tubes 
 

 

 We gain         
 
The ability to describe in a unified      
way a broad variety of kinking       
effects: plasma flow,  
line-tying/no line-tying at the end-plates, 
finite plasma resistivity 
 
A possibility to develop a  
simple non-linear theory   



Rationales for this way of description are: 
 
  1) The global motion of the flux ropes often manifests  
  a remarkable integrity 
 
  2) Viscosity and/or gyro-viscosity may prohibit the deformation  
  of cross-sections of suffi ciently thin flux tubes 
 

 

 We gain        We lose 
 
The ability to describe in a unified    The ability to describe   
way a broad variety of kinking     internal modes  
effects: plasma flow,  
line-tying/no line-tying at the end-plates, 
finite plasma resistivity 
 
A possibility to develop a  
simple non-linear theory   



Equations of motion for a perfectly conducting plasma 
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Add parallel flow: 
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Seek harmonic perturbations, η~exp(-iωt) !  
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Assume the perfect line-tying at the lower electrode: 
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Assume line-tying at the other end, 
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The eigenfunction is a helix of a  
varying (in z) pitch, wound around  
a figure of revolution 
 
The rotation frequency of the helix: 
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It screws in the direction of the flow, irrespectively to the direction of the axial 
magnetic field 
 
Note the difference with the weakly nonlinear model (without axial flow) by 
Lansky and Stchetnikov: their model would allow the rotation in any direction, 
depending on the initial conditions (I.M. Lanskii and A.I. Stchetnikov. Sov. J. 
Plasma Phys., 16, 322 (1990))
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Sheath boundary conditions at z=L 
 
The sheath over a perfectly conducting end-plate has a finite resistance, allowing 
for the sliding of the plasma rope over the end-plate surface  
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where κ is a dimensionless parameters related to the sheath resistivity: 
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For κ <<1, we recover the line-tying condition,  
whereas for κ >>1, we obtain: 
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For smaller-scale perturbations (of the type of the internal 
kinks), the line-tying condition become more stringent: 
κ(k⊥a)2<<1 
 

 
Experiment 
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For the LANL experiment, there is no line-tying even for the global mode; for 
the Madison experiment, there is marginal line-tying for the global kink, weak 
line-tying for the internal kinks



Return to the global kink with no line-tying at z=L: 

Dispersion relation:    
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The plasma column becomes a helix wound on the axisymmetric surface 
 
 
 
 
 
The rotation frequency at the stability boundary: 
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Strong (but not perfect) line-tying, no flow 
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The growth rate for a small value of κ, κ=0.02. This value 
corresponds to almost complete line-tying, but a weak 
instability is present even at k0<2%/L. The dash-dotted line 
corresponds to the case of a perfect line-tying, when κ =0. 



 Effects of a bulk plasma resistivity 
 

! 

" # kv( )
2

= vA
2 i(" # kv)$ r

i(" # kv)$ r #1
k2 + k

0
k

% 

& 
' 

( 

) 
* ,           

! 

" r =
2#a2$

c2
 

 

An analog of a Lundquist number: 
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At ζ>>1, the resistive effects are weak. Consider therefore the case ζ<<1 
Here the spectrum becomes essentially continuous, with an interesting instability 
insensitive to the boundary conditions showing up: 
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The nature of the mode: At a high plasma resistivity, the strong axial magnetic 
field is not frozen into the plasma any more, and a helical perturbation of the 
appropriate handedness experiences an imbalanced radial force that leads to its 
growth. The axial current is sustained by the applied voltage. 



Resistive effects may be non-negligible in the existing 
experiments 
 
 

 
Experiment 
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DM(cm2/s)=3.9#106 Zeff/[Te(eV)]3/2 (Zeff=1 was assumed) 
 
For ζ<1, even global kinks can be very naturally uncoupled from any boundary 
conditions (local modes occupying only a fraction of the length). 
 



Generalization to the case of a slowly varying plasma 
parameters (ρ(z), a(z), with Φ=const, I=const)  
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If the density substantially decreases in some transition region, the BC for the 
high-density part becomes just  
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Such a situation is relevant to the space plasmas 
 

a(z) 



A different generalization: plasma diffusing across the 
uniform magnetic field  
 
 
 
 
Such a setting can be compatible with the model of a high conductivity, if the 
flow velocity is much smaller than the Alfven velocity

Plasma source 



SUMMARY 
 
An efficient way of describing the global kink instability in a 
slender plasma column has been suggested 
 

Effects of a plasma flow, plasma resistivity, and sheath 
boundary conditions have been described in a unified way 
 

The plasma column becomes a helix that rotates at a 
frequency related to the parallel flow velocity 
 

Resistive effects lower the threshold for the instability  
 

Weak non-linear effects can be included in a simple way (à la 
Lansky and Stchetnikov)   
 


